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Abstract: 
Let G be a simple graph on the vertex set 𝑉 𝐺 . In a graph G, A set D 𝑉 𝐺  is a dominating set of G if every vertex in 
𝑉 𝐺  –  D  is adjacent to some vertex in D. The bondage number of a graph G[𝐵𝑑 𝛾 𝐺 ]is the cardinality of a smallest set of edges 
whose removal results in a graph with domination number larger than that of G. A set D 𝑉 𝐺  is called a distance k dominating 
set of 𝐺 if every vertex in 𝑉 𝐺  –  D  is with in distance 𝑘 of at least one vertex in D, that is, for every vertex 𝑉 𝐺  –  D, there 
exists a vertex 𝑢 ∈ D such that 𝑑 𝑢, 𝑣 ≤ 𝑘. In this paper we determine the domination number of Cartesian product graph in 
distance two dominating set and also find the subdivision number for Cartesian product graph. 
Key Words: Dominating Set, Distance Two Domination, Cartesian Product Graph & Subdivision Number 
1. Introduction: 
 The domination in graphs is one of the major areas in graph theory which attracts many researchers because it has the 
potential to solve many real life problems involving design and analysis of communication network, social network as well as 
defence surveillance. Many variants of domination models are available in the existing literature. The literature on domination and 
related parameters has been surveyed and beautifully presented in the two books by Haynes, Hedetniemi and Slater [2, 3]. The 
behaviour of several graph parameters in product graphs has become an interesting topic of research [4, 7]. The distance 
domination in the context of spanning tree is discussed in Griggs and Hutchinson [1] while bounds on the distance two-
domination number and the classes of graphs attaining these bounds are reported in Sridharan et al. [6]. For more bibliographic 
references on distance k-domination readers are advised to refer the survey by Henning [4]. Let G be a simple graph on the vertex 
set 𝑉 𝐺 . In a graph G, A set D 𝑉 𝐺  is a dominating set of G if every vertex in 𝑉 𝐺  –  D  is adjacent to some vertex in D. The 
domination number of a graph G [γ G ] is the minimum size of a dominating set of vertices in G. The domination subdivision 
number of a graph G  𝑆𝑑 𝛾 𝐺   is the minimum number of edges that must be subdivided in order to increase the domination 
number of a graph. The Cartesian product of G and H [G × H] is the graph with vertex set  V G × V H  specified by putting 
(u, v)  adjacent to (u′, v′) if and only if (i) u = u′  and 𝑣𝑣′  belongs to E(H) , or (ii) v = v′  and uu′  belongs to E(G) . The 
neighbourhood of vertex u is denoted by 𝑁 𝑢 =  𝑣 ∈ 𝑉 𝐺 /𝑢𝑣 ∈ 𝐸 𝐺   and the close neighbourhood of vertex u is denoted by 
𝑁 𝑢 = 𝑁 𝑢 ∪  𝑢 .  Let D 𝑉 𝐺 , the neighbourhood and closed neighbourhood of D are defined as 𝑁 𝐷 =  𝑁 𝑢 𝑢∈𝐷  and 
𝑁 𝐷 =  𝑁 𝑢 𝑢∈𝐷 . The distance 𝑑 𝑢, 𝑣  between two vertices 𝑢 and 𝑣 is the length of the shortest path between 𝑢 and 𝑣in 𝐺.A 
set D 𝑉 𝐺  is called a distance k dominating set of 𝐺 if every vertex in 𝑉 𝐺  –  D  is withindistance 𝑘of at least one vertex in D, 
that is, for every vertex 𝑉 𝐺  –  D, there exists a vertex 𝑢 ∈ D such that 𝑑 𝑢, 𝑣 ≤ 𝑘.Thus a set D 𝑉 𝐺  is called a distance-2 
dominating set if every vertex in 𝑉 𝐺  –  D iswithin distance-2 of at least one vertex in D . That is, 𝑁2 𝑢 =  𝑢 ∈ 𝑉 𝐺  /
 𝑑𝑢,𝑣≤2. The closed 2- neighbourhood set 𝑁2𝑢 of u is defined as 𝑁2𝑢=𝑁2𝑢∪𝑢. If D 𝑉𝐺and𝑢∈𝑉𝐺, then 𝑑𝑢,𝐷=𝑚𝑖𝑛𝑑𝑢,𝑣 ;𝑣∈𝐷. 
The minimum cardinality of a distance-2 dominating set in G is called the distance-2 domination number and is denoted𝛾≤2 𝐺 . A 
distance-2 dominating set of cardinality 𝛾≤2 𝐺  is called a 𝛾≤2-set. 
Theorem 1.1[5]: (Ore's Theorem): In any graph 𝐺 =  (𝑉, 𝐸) having no isolated vertices, the complement 𝑉\S of any minimal 
dominating set S is a dominating set. 
Theorem 1.2 [5]: A dominating set S is a minimal dominating set if and only if for each 𝑣 ∈ 𝑆 one of the following two 
conditions hold: 
 𝑣 is not adjacent to any vertex in S, or 
 there is a vertex𝑢 ∉ 𝑆 such that 𝑁 𝑢  𝑆 =  𝑣 . 
Example [5]: 𝛾2 𝑃𝑛 =  
𝑛
5
  where 𝑃𝑛  is the path on 𝑛 vertices. 
2. Distance 2- Domination Number: 
In this paper, we establish the value of the distance-2 domination number of Cartesian product graph. 
Observation 2.1: For any  𝑃1 × 𝑃𝑛  , we have𝛾≤2 𝑃1 ×  𝑃𝑛 =  
𝑛
5
 . 
Proposition 2.2: For 𝑃2 × 𝑃7, we have 𝛾≤2 𝑃2 × 𝑃7 = 2.  
Proof:  
 Let G be a Cartesian product graph of 𝑃2  and 𝑃7 . To distance-2 domination, we need two vertices. Now the vertex 
(𝑢2, 𝑣2) dominates   𝑢2, 𝑣1 ,  𝑢2, 𝑣3 ,  𝑢2, 𝑣4 ,  𝑢1 , 𝑣1 ,  𝑢1, 𝑣2 ,  𝑢1, 𝑣3   vertices at a distance 1 or 2, while the vertex (𝑢1, 𝑣6) 
dominates   𝑢2, 𝑣5 ,  𝑢2, 𝑣6 ,  𝑢2, 𝑣7 ,  𝑢1, 𝑣4 ,  𝑢1, 𝑣5 ,  𝑢1, 𝑣7   vertices at a distance 1 or 2. Therefore,  𝛾≤2 𝑃2 × 𝑃7 = 2.  
Theorem 2.3: For any 𝑛 ≥ 7, we have   
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𝛾≤2 𝑃2 × 𝑃𝑛 =
 
 
 
 
 
2𝑛
7
                        𝑓𝑜𝑟   𝑛 ≡ 0  𝑚𝑜𝑑 7 
2  
𝑛
7
 + 1      𝑓𝑜𝑟   𝑛 ≡ 1,2,3,4  𝑚𝑜𝑑 7 
2  
𝑛
7
 + 2      𝑓𝑜𝑟           𝑛 ≡ 5,6  𝑚𝑜𝑑 7 
     
Proof:   
 Let 𝑃2 × 𝑃𝑛  be the Cartesian product graph and 𝐷𝑛  the distance-2 dominating set of 𝑃2 × 𝑃𝑛 . Now to describe our 
distance-2 dominating set 𝐷 =   𝑢2 , 𝑣8𝑖+2 ,  𝑢1, 𝑣8𝑗 +6  /  𝑖 = 0, 1, 2, …… . ,  
𝑛
10
   ;   𝑗 = 0, 1, 2, ……… ,  
𝑛
14
  for 𝑛 ≡ 0  𝑚𝑜𝑑 7 , we 
consider block 𝐵 ≃ 𝑃2 × 𝑃7. If 𝑛 ≡ 0  𝑚𝑜𝑑 7  then 𝑃2 × 𝑃𝑛  can be partitioned with  
𝑛
7
number of blocks B. Now, all the vertices of 
𝐵  can be distance-2 dominated by the vertices  𝑢2, 𝑣8𝑖+2 ,  𝑢1, 𝑣8𝑗 +6  ;   𝑖 = 0, 1, 2, …… . ,  
𝑛
10
   ;   𝑗 = 0, 1, 2, ……… ,  
𝑛
14
 . 
Moreover, since  𝐷 =
2𝑛
7
.  Now, we consider the distance-2 dominating set 𝐷0 = 𝐷. Hence  𝛾≤2 𝑃2 × 𝑃𝑛 =  
2𝑛
7
.  
 If  𝑛 ≡ 1  𝑚𝑜𝑑 7  then 𝑃2 × 𝑃𝑛  can be partitioned with   
𝑛
7
  number of blocks B, plus a block 𝐵′ ≃ 𝑃2 × 𝑃1and 𝐷 ∩ 𝐵′ =
∅. Now, all the vertices of 𝐵 can be distance-2 dominated by the vertices  𝑢2, 𝑣8𝑖+2 ,  𝑢1, 𝑣8𝑗 +6  ;   𝑖 = 0, 1, 2, …… . ,  
𝑛
10
   ;   𝑗 =
0, 1, 2, ……… ,  
𝑛
14
  except the vertices of 𝐵′. Moreover, since  𝐷 = 2  
𝑛
7
 , to distance-2 dominate the vertices  𝑢1, 𝑣𝑛  and  𝑢2, 𝑣𝑛  
of 𝐵′, we need one vertex among   𝑢2, 𝑣𝑛 ,  𝑢1, 𝑣𝑛  .  Now, we consider the distance-2 dominating set 𝐷1 = 𝐷 ∪   𝑢2, 𝑣𝑛  . 
Hence 𝛾≤2 𝑃2 × 𝑃𝑛 = 2  
𝑛
7
 + 1. 
  If 𝑛 ≡ 2  𝑚𝑜𝑑 7  then 𝑃2 × 𝑃𝑛  can be partitioned with   
𝑛
7
  number of blocks B, plus a block 𝐵′ ≃ 𝑃2 × 𝑃2and 𝐷 ∩ 𝐵′ =
∅. Now, all the vertices of 𝐵 can be distance-2 dominated by the vertices  𝑢2, 𝑣8𝑖+2 ,  𝑢1, 𝑣8𝑗 +6  ;   𝑖 = 0, 1, 2, …… . ,  
𝑛
10
   ;   𝑗 =
0, 1, 2, ……… ,  
𝑛
14
  except the vertices of 𝐵′ . Moreover, since  𝐷 = 2  
𝑛
7
 , to distance-2 dominate the vertices 
 𝑢1, 𝑣𝑛−1 ,  𝑢2, 𝑣𝑛−1 ,  𝑢1, 𝑣𝑛 , (𝑢2 , 𝑣𝑛)  of 𝐵′ , we need one vertex among   𝑢1, 𝑣𝑛−1 ,  𝑢2, 𝑣𝑛−1 ,  𝑢1, 𝑣𝑛 , (𝑢2, 𝑣𝑛) . Now, we 
consider the distance-2 dominating set 𝐷2 = 𝐷 ∪   𝑢2, 𝑣𝑛  . Hence 𝛾≤2 𝑃2 × 𝑃𝑛 = 2  
𝑛
7
 + 1.  
 If 𝑛 ≡ 3  𝑚𝑜𝑑 7  then 𝑃2 × 𝑃𝑛  can be partitioned with   
𝑛
7
 number of blocks B, plus a block 𝐵′ ≃ 𝑃2 × 𝑃3and 𝐷 ∩ 𝐵′ =
∅. Now, all the vertices of 𝐵 can be distance-2 dominated by the vertices  𝑢2, 𝑣8𝑖+2 ,  𝑢1, 𝑣8𝑗 +6  ;   𝑖 = 0, 1, 2, …… . ,  
𝑛
10
   ;   𝑗 =
0, 1, 2, ……… ,  
𝑛
14
 except the vertices of 𝐵′ . Moreover, since  𝐷 = 2  
𝑛
7
 , to distance-2 dominate the vertices 
 𝑢1, 𝑣𝑛−2 ,  𝑢2, 𝑣𝑛−2 ,  𝑢1, 𝑣𝑛−1 ,  𝑢2 , 𝑣𝑛−1 ,  𝑢1, 𝑣𝑛 , (𝑢2, 𝑣𝑛)  of 𝐵′ , we need one vertex among 
  𝑢1, 𝑣𝑛−2 ,  𝑢2, 𝑣𝑛−2 ,  𝑢1 , 𝑣𝑛−1 ,  𝑢2, 𝑣𝑛−1 ,  𝑢1, 𝑣𝑛 , (𝑢2, 𝑣𝑛) . Now, we consider the distance-2 dominating set 𝐷3 = 𝐷 ∪
  𝑢2, 𝑣𝑛  . Hence 𝛾≤2 𝑃2 × 𝑃𝑛 = 2  
𝑛
7
 + 1.   
 If 𝑛 ≡ 4  𝑚𝑜𝑑 5  then 𝑃2 × 𝑃𝑛  can be partitioned with   
𝑛
7
  number of blocks B, plus a block 𝐵′ ≃ 𝑃2 × 𝑃4and 𝐷 ∩ 𝐵′ =
∅. Now, all the vertices of 𝐵 can be distance-2 dominated by the vertices  𝑢2, 𝑣8𝑖+2 ,  𝑢1, 𝑣8𝑗 +6  ;   𝑖 = 0, 1, 2, …… . ,  
𝑛
10
   ;   𝑗 =
0, 1, 2, ……… ,  
𝑛
14
  except the vertices of 𝐵′ . Moreover, since  𝐷 = 2  
𝑛
7
 , to distance-2 dominate the vertices 
 𝑢1, 𝑣𝑛−3 ,  𝑢2, 𝑣𝑛−3 ,  𝑢1, 𝑣𝑛−2 ,  𝑢2 , 𝑣𝑛−2 ,  𝑢1, 𝑣𝑛−1 ,  𝑢2, 𝑣𝑛−1 ,  𝑢1, 𝑣𝑛 , (𝑢2, 𝑣𝑛)  of 𝐵′ , we need one vertex among 
  𝑢1, 𝑣𝑛−1 ,  𝑢2, 𝑣𝑛−1  . Now, we consider the distance-2 dominating set 𝐷4 = 𝐷 ∪   𝑢2, 𝑣𝑛−1  . Hence  𝛾≤2 𝑃2 × 𝑃𝑛 = 2  
𝑛
7
 +
1.  
 If 𝑛 ≡ 5  𝑚𝑜𝑑 7  then 𝑃2 × 𝑃𝑛  can be partitioned with   
𝑛
7
  number of blocks B, plus a block 𝐵′ ≃ 𝑃2 × 𝑃5and 𝐷 ∩ 𝐵′ =
∅. Now, all the vertices of 𝐵 can be distance-2 dominated by the vertices  𝑢2, 𝑣8𝑖+2 ,  𝑢1, 𝑣8𝑗 +6  ;   𝑖 = 0, 1, 2, …… . ,  
𝑛
10
   ;   𝑗 =
0, 1, 2, ……… ,  
𝑛
14
   except the vertices of 𝐵′. Moreover, since  𝐷 = 2  
𝑛
7
 , to distance-2 dominate 𝐵′, we need two vertices. Now, 
we consider the distance-2 dominating set 𝐷5 = 𝐷 ∪   𝑢2, 𝑣𝑛−2 ,  𝑢1 , 𝑣𝑛  . Hence𝛾≤2 𝑃2 × 𝑃𝑛 = 2  
𝑛
7
 + 2.  
 If 𝑛 ≡ 6  𝑚𝑜𝑑 7  then 𝑃2 × 𝑃𝑛  can be partitioned with   
𝑛
7
  number of blocks B, plus a block 𝐵′ ≃ 𝑃2 × 𝑃6and 𝐷 ∩ 𝐵′ =
∅. Now, all the vertices of 𝐵 can be distance-2 dominated by the vertices  𝑢2, 𝑣8𝑖+2 ,  𝑢1, 𝑣8𝑗 +6  ;   𝑖 = 0, 1, 2, …… . ,  
𝑛
10
   ;   𝑗 =
0, 1, 2, ……… ,  
𝑛
14
   except the vertices of 𝐵′. Moreover, since  𝐷 = 2  
𝑛
7
 , to distance-2 dominate 𝐵′, we need two vertices. Now, 
we consider the distance-2 dominating set 𝐷5 = 𝐷 ∪   𝑢2, 𝑣𝑛−3 ,  𝑢1 , 𝑣𝑛  . Hence 𝛾≤2 𝑃2 × 𝑃𝑛 = 2  
𝑛
7
 + 2. This completes the 
proof. 
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Figure 1: 𝑃2 × 𝑃𝑛with distance-2 domination number n=0,6? 
Theorem 2.4: For any 𝑛 ≥ 4, we have 
𝛾≤2 𝑃3 × 𝑃𝑛 =  
𝑛
3
                           𝑓𝑜𝑟  𝑖𝑓 𝑛 ≡ 0  𝑚𝑜𝑑 3 
 
𝑛
3
 + 1    𝑓𝑜𝑟 𝑖𝑓 𝑛 ≡ 1, 2  𝑚𝑜𝑑 3 
 .   
Proof:  
 Let 𝑃3 × 𝑃𝑛  be the Cartesian product graph and 𝐷𝑛  the distance-2 dominating set of 𝑃3 × 𝑃𝑛 . Now to describe our 
distance-2 dominating set 𝐷 =   𝑢2, 𝑣3𝑖+2 ;  𝑖 = 0, 1, 2, ……… ,  
𝑛
3
 − 1 for 𝑛 ≡ 0  𝑚𝑜𝑑 3 , we consider block 𝐵 ≃ 𝑃3 × 𝑃3 and 
𝐷 ∩ 𝐵 =  (𝑢2, 𝑣2) .  
 If 𝑛 ≡ 0  𝑚𝑜𝑑 3  then 𝑃3 × 𝑃𝑛can be partitioned with
𝑛
3
number of blocks B.Now, all the vertices of 𝐵 can be distance-2 
dominated by the vertices  𝑢2, 𝑣3𝑖+2 ;  𝑖 = 0, 1, 2, ……… ,  
𝑛
3
 − 1. Moreover, since  𝐷 =  
𝑛
3
.  Now, we consider the distance-2 
dominating set 𝐷0 = 𝐷.Hence𝛾≤2 𝑃3 × 𝑃𝑛 =  
𝑛
3
. 
 If 𝑛 ≡ 1  𝑚𝑜𝑑 3  then 𝑃3 × 𝑃𝑛  can be partitioned with   
𝑛
3
  number of blocks B, plus a block 𝐵′ ≃ 𝑃2 × 𝑃1and 𝐷 ∩ 𝐵′ =
∅. Now, all the vertices of 𝐵  can be distance-2 dominated by the vertices  𝑢2, 𝑣3𝑖+2 ;  𝑖 = 0, 1, 2, ……… ,  
𝑛
3
 − 1  except the 
vertices of𝐵′.Moreover, since  𝐷 =  
𝑛
3
 , to distance-2 dominate the vertices  𝑢1, 𝑣𝑛  and  𝑢2, 𝑣𝑛  of 𝐵′,we need one vertex among 
  𝑢2, 𝑣𝑛 ,  𝑢1, 𝑣𝑛  .  Now, we consider the distance-2 dominating set 𝐷1 = 𝐷 ∪   𝑢2, 𝑣𝑛  . Hence 𝛾≤2 𝑃3 × 𝑃𝑛 =  
𝑛
3
 + 1. 
 If 𝑛 ≡ 2  𝑚𝑜𝑑   then 𝑃3 × 𝑃𝑛  can be partitioned with  
𝑛
3
  number of blocks B, plus a block 𝐵′ ≃ 𝑃2 × 𝑃2and 𝐷 ∩ 𝐵′ = ∅. 
Now, all the vertices of 𝐵 can be distance-2 dominated by the vertices  𝑢2, 𝑣3𝑖+2 ;  𝑖 = 0, 1, 2, ……… ,  
𝑛
3
 − 1 except the vertices 
of 𝐵′. Moreover, since  𝐷 =  
𝑛
3
 , to distance-2 dominate the vertices  𝑢1, 𝑣𝑛−1 ,  𝑢2, 𝑣𝑛−1 ,  𝑢1, 𝑣𝑛 , (𝑢2, 𝑣𝑛) of 𝐵′, we need one 
vertex among   𝑢1, 𝑣𝑛−1 ,  𝑢2, 𝑣𝑛−1 ,  𝑢1, 𝑣𝑛 , (𝑢2, 𝑣𝑛) .Now, we consider the distance-2 dominating set 𝐷1 = 𝐷 ∪   𝑢2, 𝑣𝑛  . 
Hence 𝛾≤2 𝑃3 × 𝑃𝑛 =  
𝑛
3
 + 1.  
 
Figure 2: 𝑃3 × 𝑃𝑛with distance-2 domination number 
Observation 2.5: For any 𝑛 ≥ 3, we have 𝑃𝑘 × 𝑃𝑛 ≃ 𝑃𝑛 × 𝑃𝑘 . 
Theorem 2.6:  Let 𝐵′𝑅 ≃ 𝑃1 × 𝑃𝑛and𝐵′𝐶 ≃ 𝑃𝑛 × 𝑃1 . For any ≥ 3 , we have 
𝛾≤2 𝑃𝑛 × 𝑃𝑛 =
 
 
 
 
 
𝑛2
9
       𝑓𝑜𝑟  𝑛 ≡ 0  𝑚𝑜𝑑 3 
 
𝑛
3
 
2
+ 2  
𝑛
5
 − 𝛾≤2 𝒫 𝑓𝑜𝑟  𝑛 ≡ 1  𝑚𝑜𝑑 3 
 
𝑛
3
 
2
+ 2  
𝑛
4
 + 2 − 𝛾≤2 𝒫 𝑓𝑜𝑟  𝑛 ≡ 2  𝑚𝑜𝑑 3 
  
Where𝛾≤2 𝒫 =  𝐵
′
𝑅 ∩ 𝐵
′
𝐶
 =  
0    𝑓𝑜𝑟   𝑛 ≡ 0,3,4 𝑚𝑜𝑑 5 
1   𝑓𝑜𝑟  𝑛 ≡ 1,2 𝑚𝑜𝑑 5 
  
Proof: 
 Let 𝐷𝑛  be a distance-2 dominating set of𝑃𝑛 × 𝑃𝑛 . First five rows of 𝑃𝑛 × 𝑃𝑛  is considered as block𝐵 ≃ 𝑃3 × 𝑃𝑛  𝑓𝑜𝑟 𝑛 ≡
0  𝑚𝑜𝑑 3 .If  𝑛 ≡ 0  𝑚𝑜𝑑 3  then 𝑃𝑛 × 𝑃𝑛  can be partitioned with  
𝑛
3
number ofblocks  𝐵 .By Theorem 
2.4, 𝐷0 =
𝑛
3
 
𝑛
3
 .Hence𝛾≤2 𝑃𝑛 × 𝑃𝑛 =  
𝑛2
9
.If 𝑛 ≡ 1  𝑚𝑜𝑑 3  then 𝑃𝑛 × 𝑃𝑛  can be partitioned with  
𝑛
3
  number of blocks B, plus a 
block 𝐵′𝑅 ≃ 𝑃1 × 𝑃𝑛 , plus a block 𝐵′𝐶 ≃ 𝑃𝑛 × 𝑃1 .By Theorem 2.4, we have  𝐷1 =  𝐷0 +  𝐵′𝑅  +  𝐵′𝐶 −  𝐵
′
𝑅 ∩ 𝐵
′
𝐶
 =
 
𝑛
3
  
𝑛
3
 +  
𝑛
5
 +  
𝑛
5
 −  𝐵′ 𝑅 ∩ 𝐵
′
𝐶
 . Hence 𝛾≤2 𝑃𝑛 × 𝑃𝑛 =  
𝑛
3
 
2
+ 2  
𝑛
5
 − 1. If 𝑛 ≡ 2  𝑚𝑜𝑑 3  then 𝑃𝑛 × 𝑃𝑛  can be partitioned with 
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𝑛
3
  number of blocks B, plus a block 𝐵′𝑅 ≃ 𝑃2 × 𝑃𝑛 , plus a block 𝐵′𝐶 ≃ 𝑃𝑛 × 𝑃2. By observation 2.5 and Theorem 2.4, we have 
 𝐷2 =  𝐷0 +  𝐵′𝑅  +  𝐵′𝐶 −  𝐵
′
𝑅 ∩ 𝐵
′
𝐶
 =  
𝑛
3
   
𝑛
3
  +  
𝑛
4
 + 1 +  
𝑛
4
 + 1 −  𝐵′ 𝑅 ∩ 𝐵
′
𝐶
 . Hence 𝛾≤2 𝑃𝑛 × 𝑃𝑛 =  
𝑛
3
 
2
+ 2  
𝑛
4
 +
2 −  𝐵′ 𝑅 ∩ 𝐵
′
𝐶
 .  
 
Figure 3: 𝑃𝑛 × 𝑃𝑛with distance-2 domination number  
3. Subdivision Number for Cartesian Product Graph: 
Theorem 3.1: For 𝑃1 × 𝑃𝑛 , we have 𝑆𝑑𝛾≤2 𝑃1 × 𝑃𝑛 = 1. 
Proof: 
 Let 𝐷 be a distance-2 dominating set of𝑃1 × 𝑃𝑛 .Since 𝐷 =  
𝑛
5
 .Let   𝑃1 × 𝑃𝑛 ′ be obtain from  𝑃1 × 𝑃𝑛  by subdividing an 
edge   𝑢1, 𝑣1  𝑢1, 𝑣2  and adding new vertex called 𝑥. Since the vertices  𝑢1, 𝑣1 ,  𝑢1, 𝑣2  are not belongs to 𝐷.To distance-2 
dominate the vertex 𝑢1 , 𝑣1 , we need one vertex among  𝑥,  𝑢1 , 𝑣1 ,  𝑢1, 𝑣2  . Now, we consider the distance-2 dominating set  
𝐷′ = 𝐷 ∪   𝑢1, 𝑣1  . Thus, we have 𝐷′ =  𝐷 + 1. So we obtain that the distance-2 domination number of   𝑃1 × 𝑃𝑛 ′ is greater 
than the distance-2  domination number of   𝑃1 × 𝑃𝑛 . This completes the proof. 
Theorem3.2: For 𝑃2 × 𝑃𝑛  , we have𝑆𝑑𝛾≤2 𝑃2 × 𝑃𝑛 = 1. 
Proof: 
 Let  𝐷 =   𝑢2, 𝑣8𝑖+2 ,  𝑢1 , 𝑣8𝑗 +6   ;   𝑖 = 0, 1, 2, ……… ,  
𝑛
10
  ; 𝑗 = 0, 1, 2, ……… ,  
𝑛
14
   be thedistance-2 dominating set for 
𝑛 ≡ 0  𝑚𝑜𝑑 7 , we consider block 𝐵 ≃ 𝑃2 × 𝑃7. We prove this theorem in each following cases. 
 If 𝑛 ≡ 0  𝑚𝑜𝑑 7  then 𝑃2 × 𝑃𝑛  can be partitioned with 
𝑛
7
 number of blocks B. Let   𝑃2 × 𝑃𝑛 ′ be obtained from  𝑃2 × 𝑃𝑛  
by subdividing an edge  𝑢2, 𝑣3  𝑢2 , 𝑣4  and adding new vertex called 𝑥.The vertex 𝑥 can be dominated from the vertex 𝑢2, 𝑣2  at 
a distance 2.The vertices of 𝐷 distance-2 dominate all of the vertices of  𝑃2 × 𝑃𝑛 ′ exactly once, except the vertex  𝑢2, 𝑣4 . To 
distance-2 dominate this vertex we need one vertex among  𝑥,  𝑢1, 𝑣3 ,  𝑢1, 𝑣4 ,  𝑢1, 𝑣5 ,  𝑢2, 𝑣3 ,  𝑢2, 𝑣5 ,  𝑢2, 𝑣6  . Now, we 
consider the distance-2 dominating set 𝐷′ = 𝐷 ∪   𝑢1, 𝑣4  . By Theorem2.3, we have  𝛾≤2 𝑃2 × 𝑃𝑛 ′ = 𝛾≤2 𝑃2 × 𝑃𝑛 + 1. Hence 
we obtain that the distance-2 domination number of   𝑃2 × 𝑃𝑛 ′  is greater than the distance-2 domination number of   𝑃2 × 𝑃𝑛 .  
 If 𝑛 ≡ 1  𝑚𝑜𝑑 7  then 𝑃2 × 𝑃𝑛  can be partitioned with  
𝑛
7
  number of blocks B, plus a block 𝐵′ ≃ 𝑃2 × 𝑃1. The vertices 
of 𝐷  distance-2 dominate all of the vertices of  𝑃2 × 𝑃𝑛  exactly once, except the vertices  𝑢1, 𝑣𝑛 ,  𝑢2, 𝑣𝑛 . To distance-2 
dominate these vertices we need one vertex 𝑢2, 𝑣𝑛 . By Theorem 2.3, we have  𝛾≤2 𝑃2 × 𝑃𝑛 = 2  
𝑛
7
 + 1. Let   𝑃2 × 𝑃𝑛 ′ be 
obtained from  𝑃2 × 𝑃𝑛  by subdividing an edge  𝑢2, 𝑣3  𝑢2, 𝑣4  and adding new vertex called 𝑥. The vertex 𝑥 can be dominated 
from the vertex in 𝐷  at a distance 2. But the vertex  𝑢2, 𝑣4  is not dominated by any vertex in 𝐷 . We can rewrite 𝐷 =
  𝑢2, 𝑣8𝑖+3 ,  𝑢1, 𝑣8𝑗 +7   ;   𝑖 = 0, 1, 2, ……… ,  
𝑛
10
  ; 𝑗 = 0, 1, 2, ……… ,  
𝑛
14
  and distance-2 dominating set of 𝐵′ is   𝑢1, 𝑣1  . 
Thus, the vertices 𝑥 and  𝑢2, 𝑣4  distance-2 dominated by the vertex 𝑢2, 𝑣3 in 𝐷. But the vertex 𝑢2, 𝑣5  is not dominated by any 
vertex in 𝐷 . To distance-2 dominate this vertex, we need one vertex 
among  𝑥,  𝑢2, 𝑣4 ,  𝑢2, 𝑣6 ,  𝑢2, 𝑣7 ,  𝑢1, 𝑣4 ,  𝑢1 , 𝑣5 ,  𝑢1 , 𝑣6  .  Now, we consider the distance-2 dominating set 𝐷
′ = 𝐷 ∪
  𝑢1, 𝑣1 ,  𝑢1, 𝑣5  . By Theorem 2.3, we have  𝛾≤2 𝑃2 × 𝑃𝑛 ′ > 𝛾≤2 𝑃2 × 𝑃𝑛 .  
 If  𝑛 ≡ 2  𝑚𝑜𝑑 7  then 𝑃2 × 𝑃𝑛  can be partitioned with   
𝑛
7
  number of blocks B, plus a block 𝐵′ ≃ 𝑃2 × 𝑃2. The vertices 
of 𝐷 distance-2 dominate all of the vertices of  𝑃2 × 𝑃𝑛  exactly once, except the vertices  𝑢1 , 𝑣𝑛−1 ,  𝑢2, 𝑣𝑛−1 ,  𝑢1, 𝑣𝑛 ,  𝑢2, 𝑣𝑛 . 
To distance-2 dominate these vertices we need one vertex 𝑢2, 𝑣𝑛 . By Theorem 2.3, we have  𝛾≤2 𝑃2 × 𝑃𝑛 = 2  
𝑛
7
 + 1. Let  
 𝑃2 × 𝑃𝑛 ′ be obtained from  𝑃2 × 𝑃𝑛  by subdividing an edge  𝑢2, 𝑣4  𝑢2, 𝑣5  and adding new vertex called 𝑥. All the vertices can 
be dominated from the vertex in 𝐷 at a distance 1 or 2. But the vertex𝑥 is not dominated by any vertex in 𝐷. We can rewrite 
𝐷 =   𝑢2, 𝑣8𝑖+4 ,  𝑢1, 𝑣8𝑗 +8   ;   𝑖 = 0, 1, 2, ……… ,  
𝑛
10
  ; 𝑗 = 0, 1, 2, ……… ,  
𝑛
14
  and distance-2 dominating set of 𝐵′ is   𝑢1, 𝑣1  . 
Thus, the vertex𝑥 distance-2 dominated by the vertex 𝑢2, 𝑣4 in 𝐷. But the vertex 𝑢2, 𝑣6  is not dominated by any vertex in 𝐷. To 
distance-2 dominate this vertex, we need one vertex among 𝑥,  𝑢2, 𝑣5 ,  𝑢2, 𝑣7 ,  𝑢2, 𝑣8 ,  𝑢1, 𝑣5 ,  𝑢1, 𝑣6 ,  𝑢1, 𝑣7  .  Now, we 
consider the distance-2 dominating set 𝐷′ = 𝐷 ∪   𝑢1, 𝑣1 ,  𝑢1, 𝑣6  . By Theorem 2.3, we have  𝛾≤2 𝑃2 × 𝑃𝑛 ′ > 𝛾≤2 𝑃2 × 𝑃𝑛 .    
 If  𝑛 ≡ 3  𝑚𝑜𝑑 7  then 𝑃2 × 𝑃𝑛  can be partitioned with   
𝑛
7
  number of blocks B, plus a block 𝐵′ ≃ 𝑃2 × 𝑃3. The vertices 
of 𝐷 distance-2 dominate all of the vertices of  𝑃2 × 𝑃𝑛  exactly once, except the vertices  
 𝑢1, 𝑣𝑛−3 ,  𝑢2, 𝑣𝑛−3 ,  𝑢1, 𝑣𝑛−2 ,  𝑢2 , 𝑣𝑛−2 ,  𝑢1, 𝑣𝑛−1 ,  𝑢2, 𝑣𝑛−1 ,  𝑢1 , 𝑣𝑛 ,  𝑢2, 𝑣𝑛 . 
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To distance-2 dominate these vertices we need one vertex 𝑢2, 𝑣𝑛 . By Theorem 2.3, we have 𝛾≤2 𝑃2 × 𝑃𝑛 = 2  
𝑛
7
 + 1. Let  
 𝑃2 × 𝑃𝑛 ′ be obtained from  𝑃2 × 𝑃𝑛  by subdividing an edge  𝑢2, 𝑣3  𝑢2, 𝑣4  and adding new vertex called 𝑥. The vertex 𝑥 can be 
dominated from the vertex in 𝐷 at a distance 2. But the vertex 𝑢2, 𝑣4  is not dominated by any vertex in 𝐷. We can rewrite 
𝐷 =   𝑢2, 𝑣8𝑖+5 ,  𝑢1, 𝑣8𝑗 +9   ;   𝑖 = 0, 1, 2, ……… ,  
𝑛
10
  ; 𝑗 = 0, 1, 2, ……… ,  
𝑛
14
  and distance-2 dominating set of 𝐵′ is   𝑢1, 𝑣1  . 
Thus, the vertex 𝑥 and  𝑢2, 𝑣4  distance-2 dominated by the vertex 𝑢2, 𝑣5 in 𝐷. But the vertex 𝑢2, 𝑣3  is not dominated by any 
vertex in 𝐷. To distance-2 dominate this vertex, we need one vertex among 
 𝑥,  𝑢2, 𝑣4 ,  𝑢2, 𝑣2 ,  𝑢2, 𝑣1 ,  𝑢1, 𝑣2 ,  𝑢1, 𝑣3 ,  𝑢1, 𝑣4  . 
Now, we consider the distance-2 dominating set 𝐷′ = 𝐷 ∪   𝑢1 , 𝑣1 ,  𝑢1, 𝑣3  . By Theorem 2.3, we have  𝛾≤2 𝑃2 × 𝑃𝑛 ′ >
𝛾≤2 𝑃2 × 𝑃𝑛 . 
 If  𝑛 ≡ 4  𝑚𝑜𝑑 7  then 𝑃2 × 𝑃𝑛  can be partitioned with   
𝑛
7
  number of blocks B, plus a block 𝐵′ ≃ 𝑃2 ×  𝑃4. The vertices 
of 𝐷 distance-2 dominate all of the vertices of  𝑃2 × 𝑃𝑛  exactly once, except the vertices  
 𝑢1, 𝑣𝑛−3 ,  𝑢2, 𝑣𝑛−3 ,  𝑢1, 𝑣𝑛−2 ,  𝑢2 , 𝑣𝑛−2 ,  𝑢1, 𝑣𝑛−1 ,  𝑢2, 𝑣𝑛−1 ,  𝑢1 , 𝑣𝑛 ,  𝑢2, 𝑣𝑛 . 
To distance-2 dominate these vertices we need one vertex 𝑢2, 𝑣𝑛−1 . By Theorem 2.3, we have  𝛾≤2 𝑃2 × 𝑃𝑛 = 2  
𝑛
7
 + 1. Let  
 𝑃2 × 𝑃𝑛 ′ be obtained from  𝑃2 × 𝑃𝑛  by subdividing an edge  𝑢2, 𝑣4  𝑢2, 𝑣5  and adding new vertex called 𝑥. All the vertices can 
be dominated from the vertex in 𝐷 at a distance 1 or 2. But the vertex 𝑥 is not dominated by any vertex in 𝐷. We can rewrite 
𝐷 =   𝑢2, 𝑣8𝑖+6 ,  𝑢1, 𝑣8𝑗 +10   ;   𝑖 = 0, 1, 2, ……… ,  
𝑛
10
  ; 𝑗 = 0, 1, 2, ……… ,  
𝑛
14
  and distance-2 dominating set of 𝐵′ is   𝑢1, 𝑣2  . 
Thus, the vertices 𝑥 distance-2 dominated by the vertex 𝑢2, 𝑣6 in 𝐷. But the vertex 𝑢2, 𝑣4  is not dominated by any vertex in 𝐷. 
To distance-2 dominate this vertex, we need one vertex among 𝑥,  𝑢2, 𝑣5 ,  𝑢2, 𝑣3 ,  𝑢2, 𝑣2 ,  𝑢1, 𝑣3 ,  𝑢1, 𝑣4 ,  𝑢1, 𝑣5  .  Now, we 
consider the distance-2 dominating set 𝐷′ = 𝐷 ∪   𝑢1, 𝑣2 ,  𝑢1, 𝑣4  . By Theorem 2.3, we have  𝛾≤2 𝑃2 × 𝑃𝑛 ′ > 𝛾≤2 𝑃2 × 𝑃𝑛 .    
 If 𝑛 ≡ 5  𝑚𝑜𝑑 7  then 𝑃2 × 𝑃𝑛  can be partitioned with  
𝑛
7
  number of blocks B, plus a block 𝐵′ ≃ 𝑃2 × 𝑃5 . Now, we 
consider the distance-2 dominating set 
𝐷 =   𝑢2, 𝑣𝑛−2 ,  𝑢2, 𝑣8𝑖+2 ,  𝑢1, 𝑣8𝑗 +6   ;   𝑖 = 0, 1, 2, ……… ,  
𝑛
10
  ; 𝑗 = 0, 1, 2, ……… ,  
𝑛
14
  . 
The vertices of 𝐷 distance-2 dominate all of the vertices of  𝑃2 × 𝑃𝑛  exactly once, except the vertex 𝑢1 , 𝑣𝑛 . To distance-2 
dominate this vertex we need one vertex 𝑢1, 𝑣𝑛 . By Theorem 2.3, we have  𝛾≤2 𝑃2 × 𝑃𝑛 = 2  
𝑛
7
 + 2. Let   𝑃2 × 𝑃𝑛 ′ be obtained 
from  𝑃2 × 𝑃𝑛  by subdividing an edge  𝑢2 , 𝑣4  𝑢2, 𝑣5  and adding new vertex called 𝑥. All the vertices can be dominated from the 
vertex in 𝐷  at a distance 1 or 2. But the vertex 𝑥  is not dominated by any vertex in 𝐷 . We can rewrite 
𝐷 =   𝑢1, 𝑣3 ,  𝑢2, 𝑣8𝑖+7 ,  𝑢1, 𝑣8𝑗 +11   ;   𝑖 = 0, 1, 2, ……… ,  
𝑛
10
  ; 𝑗 = 0, 1, 2, ……… ,  
𝑛
14
  and distance-2 dominating set of 𝐵′ is 
  𝑢2, 𝑣1  . Here also the vertex𝑥 is not dominated by any vertex in 𝐷. To distance-2 dominate this vertex, we need one vertex 
among   𝑢2, 𝑣3 ,  𝑢2, 𝑣4 ,  𝑢2, 𝑣5 ,  𝑢2, 𝑣6 ,  𝑢1, 𝑣4 ,  𝑢1 , 𝑣5  .  Now, we consider the distance-2 dominating set 𝐷
′ = 𝐷 ∪
  𝑢2, 𝑣1 ,  𝑢1, 𝑣5  . By Theorem 2.3, we have  𝛾≤2 𝑃2 × 𝑃𝑛 ′ > 𝛾≤2 𝑃2 × 𝑃𝑛 .  
 If  𝑛 ≡ 6  𝑚𝑜𝑑 7  then 𝑃2 × 𝑃𝑛  can be partitioned with   
𝑛
7
  number of blocks B, plus a block 𝐵′ ≃ 𝑃2 × 𝑃6. Now, we 
consider the distance-2 dominating set 
𝐷 =   𝑢2, 𝑣𝑛−3 ,  𝑢2, 𝑣8𝑖+2 ,  𝑢1, 𝑣8𝑗 +6   ;   𝑖 = 0, 1, 2, ……… ,  
𝑛
10
  ; 𝑗 = 0, 1, 2, ……… ,  
𝑛
14
  . 
The vertices of 𝐷 distance-2 dominate all of the vertices of  𝑃2 × 𝑃𝑛  exactly once, except the vertex  𝑢1, 𝑣𝑛 . To distance-2 
dominate this vertex we need one vertex 𝑢1, 𝑣𝑛 . By Theorem 2.3, we have  𝛾≤2 𝑃2 × 𝑃𝑛 = 2  
𝑛
7
 + 2. Let   𝑃2 × 𝑃𝑛 ′ be obtained 
from  𝑃2 × 𝑃𝑛  by subdividing an edge  𝑢1 , 𝑣4  𝑢1, 𝑣5  and adding new vertex called 𝑥. The vertex 𝑥 can be dominated from the 
vertex in 𝐷  at a distance 2. But the vertex  𝑢1 , 𝑣4  is not dominated by any vertex in 𝐷 . We can rewrite 
𝐷 =   𝑢1, 𝑣4 ,  𝑢2, 𝑣8𝑖+8 ,  𝑢1, 𝑣8𝑗+12   ;   𝑖 = 0, 1, 2, ……… ,  
𝑛
10
  ; 𝑗 = 0, 1, 2, ……… ,  
𝑛
14
  and distance-2 dominating set of 𝐵′ is 
  𝑢2, 𝑣1  .Here  𝑢1, 𝑣4 ∈ 𝐷.but the vertex  𝑢1, 𝑣6  is not dominated by any vertex in 𝐷. To distance-2 dominate this vertex, we 
need one vertex among  𝑢2, 𝑣5 ,  𝑢2, 𝑣6 ,  𝑢2, 𝑣7 ,  𝑢1, 𝑣5 ,  𝑢1, 𝑣7 ,  𝑢1, 𝑣8  .  Now, we consider the distance-2 dominating set 
𝐷′ = 𝐷 ∪   𝑢2, 𝑣1 ,  𝑢2, 𝑣6  . By Theorem 2.3, we have  𝛾≤2 𝑃2 × 𝑃𝑛 ′ > 𝛾≤2 𝑃2 × 𝑃𝑛 . This completes the proof.   
 
Figure 4: 𝑃2 × 𝑃𝑛with distance-2 domination subdivision number Sd𝛾≤2 𝑃2 × 𝑃𝑛 = 2 
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Theorem 3.3: For  𝑃3 × 𝑃𝑛  , we have 
𝑆𝑑𝛾≤2 𝑃3 × 𝑃𝑛 =  
1                  𝑓𝑜𝑟  𝑖𝑓 𝑛 ≡ 0  𝑚𝑜𝑑 3 
2              𝑓𝑜𝑟 𝑖𝑓 𝑛 ≡ 1, 2,  𝑚𝑜𝑑 3 
    
Proof:  
 Let  𝐷 =   𝑢2, 𝑣3𝑖+2 ;  𝑖 = 0, 1, 2, ……… ,  
𝑛
3
 − 1  be the distance-2 dominating set for 𝑛 ≡ 0  𝑚𝑜𝑑 3 .We consider 
block 𝐵 ≃ 𝑃3 × 𝑃3. We prove this theorem in each following cases. 
 If 𝑛 ≡ 0  𝑚𝑜𝑑 3  then 𝑃3 × 𝑃𝑛  can be partitioned with 
𝑛
3
 number of blocks B. Let   𝑃3 × 𝑃𝑛 ′ be obtained from  𝑃3 × 𝑃𝑛  
by subdividing an edge  𝑢1, 𝑣3  𝑢1 , 𝑣4  and adding new vertex called 𝑥. All the vertices can be dominated from the vertex in 𝐷 at 
a distance 1 or 2. But the vertex 𝑥 is not dominated by any vertex in 𝐷. To distance-2 dominate this vertex we need one vertex 
among   𝑢1 , 𝑣2 ,  𝑢1, 𝑣3 ,  𝑢1, 𝑣4 ,  𝑢1, 𝑣5 ,  𝑢2, 𝑣3 ,  𝑢2, 𝑣4  . Now, we consider the distance-2 dominating set 𝐷
′ = 𝐷 ∪
  𝑢2, 𝑣4  . By Theorem 2.4, we have  𝛾≤2 𝑃3 × 𝑃𝑛 ′ = 𝛾≤2 𝑃3 × 𝑃𝑛 + 1. Hence we obtain that the distance-2 domination number 
of   𝑃3 × 𝑃𝑛 ′  is greater than the distance-2 domination number of   𝑃3 × 𝑃𝑛 .   
 If 𝑛 ≡ 1  𝑚𝑜𝑑 3  then 𝑃3 × 𝑃𝑛  can be partitioned with  
𝑛
3
  number of blocks B, plus a block 𝐵′ ≃ 𝑃3 × 𝑃1. The vertices 
of 𝐷  distance-2 dominate all of the vertices of  𝑃3 × 𝑃𝑛  exactly once, except the vertices  𝑢1, 𝑣𝑛 ,  𝑢2, 𝑣𝑛 . To distance-2 
dominate these vertices we need one vertex 𝑢2, 𝑣𝑛 . By Theorem 2.4, we have  𝛾≤2 𝑃3 × 𝑃𝑛 =  
𝑛
3
 + 1. Let   𝑃3 × 𝑃𝑛 ′ be 
obtained from  𝑃3 × 𝑃𝑛  by subdividing an edge  𝑢1, 𝑣3  𝑢1, 𝑣4  and adding new vertex called 𝑥. All the vertices can be dominated 
from the vertex in 𝐷  at a distance 1 or 2. But the vertex 𝑥  is not dominated by any vertex in 𝐷 . We can rewrite 
𝐷 =   𝑢2, 𝑣3𝑖+3 ;  𝑖 = 0, 1, 2, ……… ,  
𝑛
3
 − 1 and distance-2 dominating set of 𝐵′ is   𝑢2, 𝑣1  . Thus, the vertex𝑥  distance-2 
dominated by the vertex 𝑢2, 𝑣3 in 𝐷. By Theorem 2.4, we have  𝛾≤2 𝑃3 × 𝑃𝑛 ′ = 𝛾≤2 𝑃3 × 𝑃𝑛 . Let   𝑃3 × 𝑃𝑛 ′′ be obtained from  
𝑃3 × 𝑃𝑛  by subdividing the edges   𝑢1, 𝑣3  𝑢1, 𝑣4  ,  𝑢1, 𝑣4  𝑢1, 𝑣5  and adding new vertices respectively called 𝑥and 𝑦 . The 
vertices 𝑥 can be dominated from the vertex 𝑢2, 𝑣3 . The vertices of 𝐷 distance-2 dominate all of the vertices of  𝑃3 × 𝑃𝑛 ′′ 
exactly once, except the vertex y . To distance-2 dominate this vertex we need one vertex among 
 𝑥,  𝑢1, 𝑣4 ,  𝑢1, 𝑣5 ,  𝑢1, 𝑣6 ,  𝑢2, 𝑣4 ,  𝑢2, 𝑣5  . Now, we consider the distance-2 dominating set 𝐷
′′ = 𝐷 ∪   𝑢2, 𝑣1 ,  𝑢2, 𝑣5  . 
Thus, we have  𝛾≤2 𝑃3 × 𝑃𝑛 ′′ = 𝛾≤2 𝑃3 × 𝑃𝑛 + 1. Hence we obtain that the distance-2 domination number of   𝑃3 × 𝑃𝑛 ′′is 
greater than the distance-2 domination number of   𝑃3 × 𝑃𝑛 .  
  If 𝑛 ≡ 2  𝑚𝑜𝑑 3  then 𝑃3 × 𝑃𝑛  can be partitioned with  
𝑛
3
  number of blocks B, plus a block 𝐵′ ≃ 𝑃3 × 𝑃2. The 
vertices of 𝐷  distance-2 dominate all of the vertices of  𝑃3 × 𝑃𝑛  exactly once, except the vertices 
 𝑢1, 𝑣𝑛−1 ,  𝑢2, 𝑣𝑛−1 ,  𝑢1, 𝑣𝑛 ,  𝑢2 , 𝑣𝑛 . To distance-2 dominate these vertices we need one vertex 𝑢2, 𝑣𝑛 . By Theorem 2.4, we 
have  𝛾≤2 𝑃3 × 𝑃𝑛 =  
𝑛
3
 + 1. Let   𝑃3 × 𝑃𝑛 ′ be obtained from  𝑃3 × 𝑃𝑛  by subdividing an edge  𝑢1, 𝑣6  𝑢1, 𝑣7  and adding new 
vertex called 𝑥. All the vertices can be dominated from the vertex in 𝐷 at a distance 1 or 2. But the vertex 𝑥 is not dominated by 
any vertex in 𝐷. We can rewrite 𝐷 =   𝑢2, 𝑣3𝑖+4 ;  𝑖 = 0, 1, 2, ……… ,  
𝑛
3
 − 1 and distance-2 dominating set of 𝐵′ is   𝑢2, 𝑣1  . 
Thus, the vertex 𝑥 distance-2 dominated by the vertex 𝑢2, 𝑣7 in 𝐷. By Theorem 2.4, we have  𝛾≤2 𝑃3 × 𝑃𝑛 ′ = 𝛾≤2 𝑃3 × 𝑃𝑛 . Let  
 𝑃3 × 𝑃𝑛 ′′  be obtained from  𝑃3 × 𝑃𝑛  by subdividing the edges   𝑢1 , 𝑣6  𝑢1, 𝑣7  ,  𝑢1, 𝑣5  𝑢1, 𝑣6  and adding new vertices 
respectively called 𝑥and 𝑦. The vertices 𝑥 can be dominated from the vertex 𝑢2, 𝑣7 . The vertices of 𝐷 distance-2 dominate all of 
the vertices of  𝑃3 × 𝑃𝑛 ′′ exactly once, except the vertex y. To distance-2 dominate this vertex we need one vertex among 
 𝑥,  𝑢1, 𝑣4 ,  𝑢1, 𝑣5 ,  𝑢1, 𝑣6 ,  𝑢2, 𝑣5 ,  𝑢2, 𝑣6  . Now, we consider the distance-2 dominating set 𝐷
′′ = 𝐷 ∪   𝑢2, 𝑣1 ,  𝑢2, 𝑣6  . 
Thus, we have  𝛾≤2 𝑃3 × 𝑃𝑛 ′′ = 𝛾≤2 𝑃3 × 𝑃𝑛 + 1. Hence we obtain that the distance-2 domination number of   𝑃3 × 𝑃𝑛 ′′is 
greater than the distance-2 domination number of   𝑃3 × 𝑃𝑛 .  
 
Figure 5: 𝑃3 × 𝑃𝑛with distance-2 domination subdivision number 𝑆𝑑𝛾≤2 𝑃3 × 𝑃𝑛 = 2 
Theorem 3.4: For  𝑃𝑛 × 𝑃𝑛  , we have  
𝑆𝑑𝛾≤2 𝑃𝑛 × 𝑃𝑛 =  
1        𝑓𝑜𝑟  𝑖𝑓 𝑛 ≡ 0,2  𝑚𝑜𝑑 3 
2              𝑓𝑜𝑟 𝑖𝑓 𝑛 ≡ 1 𝑚𝑜𝑑 3 
 . . 
Proof: 
Let 𝐷 =   𝑢3𝑖+2, 𝑣3𝑖+2 ,  𝑢3𝑖+2, 𝑣3𝑗 +2   ;  𝑖 ≠ 𝑗, ;  𝑖, 𝑗 = 0, 1, 2, ……… ,  
𝑛
3
 − 1  be thedistance-2 dominating set for 
𝑛 ≡ 0  𝑚𝑜𝑑 3 , we consider block 𝐵 ≃ 𝑃3 × 𝑃𝑛 . We prove this theorem in each following cases. 
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If 𝑛 ≡ 0  𝑚𝑜𝑑 3  then 𝑃𝑛 × 𝑃𝑛can be partitioned with 
𝑛
3
 number of blocks B. Let   𝑃𝑛 × 𝑃𝑛 ′ be obtained from  𝑃𝑛 × 𝑃𝑛  
by subdividing an edge  𝑢1, 𝑣3  𝑢1 , 𝑣4  and adding new vertex called 𝑥. All the vertices can be dominated from the vertex in 𝐷 at 
a distance 1 or 2. But the vertex 𝑥 is not dominated by any vertex in 𝐷. To distance-2 dominate this vertex we need one vertex 
among   𝑢1 , 𝑣2 ,  𝑢1, 𝑣3 ,  𝑢1, 𝑣4 ,  𝑢1, 𝑣5 ,  𝑢2, 𝑣3 ,  𝑢2, 𝑣4  . Now, we consider the distance-2 dominating set 𝐷
′ = 𝐷 ∪
  𝑢2, 𝑣4  . By Theorem 2.6, we have  𝛾≤2 𝑃𝑛 × 𝑃𝑛 ′ = 𝛾≤2 𝑃𝑛 × 𝑃𝑛 + 1. Hence we obtain that the distance-2 domination number 
of   𝑃𝑛 × 𝑃𝑛 ′  is greater than the distance-2 domination number of   𝑃𝑛 × 𝑃𝑛 . 
If 𝑛 ≡ 1  𝑚𝑜𝑑 3  then 𝑃𝑛 × 𝑃𝑛  can be partitioned with  
𝑛
3
  number of blocks B, plus a block 𝐵′ ≃ 𝑃1 × 𝑃𝑛 . Let   𝑃𝑛 ×
𝑃𝑛′ be obtained from  𝑃𝑛×𝑃𝑛 by subdividing an edge 𝑢1,𝑣3𝑢1,𝑣4 and adding new vertex called 𝑥. All the vertices can be 
dominated from the vertex in 𝐷 at a distance 1 or 2. But the vertex 𝑥 is not dominated by any vertex in 𝐷. We can rewrite 
𝐷 =   𝑢3𝑖+3, 𝑣3𝑖+2 ,  𝑢3𝑖+3, 𝑣3𝑗 +2   ;  𝑖 ≠ 𝑗, ;  𝑖, 𝑗 = 0, 1, 2, ……… ,  
𝑛
3
 − 1 . Thus, the vertices 𝑥  and  𝑢1, 𝑣5  are distance-2 
dominated by the vertices  𝑢1, 𝑣3  and  𝑢3, 𝑣5 respectively. By Theorem 2.6, we have  𝛾≤2 𝑃𝑛 × 𝑃𝑛 ′ = 𝛾≤2 𝑃𝑛 × 𝑃𝑛 . Let  
 𝑃𝑛 × 𝑃𝑛 ′′  be obtained from  𝑃𝑛 × 𝑃𝑛  by subdividing the edges   𝑢1, 𝑣3  𝑢1, 𝑣4  ,  𝑢1, 𝑣5  𝑢2, 𝑣5  and adding new vertices 
respectively called 𝑥and 𝑦. The vertices of 𝐷 distance-2 dominate all of the vertices of  𝑃𝑛 × 𝑃𝑛 ′′ exactly once, except the vertex 
 𝑢1, 𝑣5 . To distance-2 dominate this vertex we need one vertex among 
 𝑥, 𝑦,  𝑢1, 𝑣4 ,  𝑢1, 𝑣6 ,  𝑢1, 𝑣7 ,  𝑢2, 𝑣4 ,  𝑢2, 𝑣5 ,  𝑢2, 𝑣6  . By Observation2.1 and Theorem 2.6, we have  𝛾≤2 𝑃𝑛 × 𝑃𝑛 ′′ =
𝛾≤2 𝑃𝑛 × 𝑃𝑛 + 1. Hence we obtain that the distance-2 domination number of   𝑃𝑛 × 𝑃𝑛 ′′is greater than the distance-2 domination 
number of   𝑃𝑛 × 𝑃𝑛 . 
If 𝑛 ≡ 2  𝑚𝑜𝑑 3  then 𝑃𝑛 × 𝑃𝑛  can be partitioned with  
𝑛
3
  number of blocks B, plus a block 𝐵′ ≃ 𝑃2 × 𝑃𝑛 . Let   𝑃𝑛 ×
𝑃𝑛′ be obtained from  𝑃𝑛×𝑃𝑛 by subdividing an edge 𝑢1,𝑣3𝑢1,𝑣4 and adding new vertex called 𝑥. All the vertices can be 
dominated from the vertex in 𝐷 at a distance 1 or 2. But the vertex 𝑥 is not dominated by any vertex in 𝐷. We can rewrite 
𝐷 =   𝑢3𝑖+4, 𝑣3𝑖+2 ,  𝑢3𝑖+4, 𝑣3𝑗 +2   ;  𝑖 ≠ 𝑗, ;  𝑖, 𝑗 = 0, 1, 2, ……… ,  
𝑛
3
 − 1 . Thus, the vertex 𝑥 is distance-2 dominated by the 
vertiex 𝑢1, 𝑣3 . But the vertex  𝑢1, 𝑣4  is not dominated by any vertex in 𝐷. By Theorems2.3 and 2.6, we have  𝛾≤2 𝑃𝑛 × 𝑃𝑛 ′ >
𝛾≤2 𝑃𝑛 × 𝑃𝑛 . This completes the proof. 
 
Figure 6: 𝑃𝑛 × 𝑃𝑛with distance-2 domination subdivision number 𝑆𝑑𝛾≤2 𝑃𝑛 × 𝑃𝑛 = 2 
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